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Laminar Boundary-Layer Growth on Slightly Blunted Cones at
Hypersonic Speeds

R. E. WiLson*
U. S. Naval Ordnance Laboratory, White Oak, Stlver Spring, Md.

A momentume-integral method is given for calculating the subject boundary-layer growth
for the zero-angle-of-attack case. Available flat-plate boundary-layer results permit calcu~
lations for slightly blunted cones for wide ranges of hypersonic Mach number and surface -
temperature. Although perfect gas data are used, real gas data for equilibrium air can be
introduced. Numerical results are presented for a slender cone. The results show that
slight blunting greatly affects conditions at the outer edge of the boundary layer. The Mach
number is markedly decreased at long distances from the tip. This is accompanied by an in-
crease in temperature and a decrease in unit Reynolds number. The distributions through
the boundary layer of parameters such as temperature and electron density will be affected.
Both local skin friction and heat transfer are significantly reduced by slight blunting.

Nomenclature
a = shock radius of curvature
b = tip radius of curvature
¢y = 2ry/mu® = local skin-friction coefficient
Cfe = 27w/ putc?
F, = function defined by Eq. (13)
F, = function defined by Eq. (16)
H = 8*%/8 = boundary-layer shape parameter
M = Mach number
P = pressure
Pr = Prandtl number
g = local heat-transfer rate
r = local cone radius
rs = radius of streamtube in undisturbed flow
R = Reynolds number, B, = puct/pe, Ro. = pctscd/pc, Roc =
pctch /1o, Ror = puwab/m '
St = local Stanton number
T = temperature
z = distance along cone surface measured from apex
y = distance normal to surface
v = ratio of specific heats
8 = boundary-layer thickness
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= absolute viscosity

£ = RcRﬂc/Rbc2

p = density

o = cone half-angle

+ = shear stress

o = shock-wave angle for sharp cone

ws = local shock-wave angle for blunt cone

Subscripts

¢ = conditions at the outer edge of the boundary layer on a
sharp cone

w = conditions at the wall

= local conditions at the outer edge of the boundary layer

o = freestream conditions

T = stagnation conditions

Superscripts

" = reference value

0 = sharp-cone values
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Introduction

UPERSONIC experiments have shown that slight blunt-
ing of the leading edge of a surface or the tip of a cone
can cause a significant downstream movement of transition
to turbulence.! 5 This effect is associated with the decrease
in unit Reynolds number at the outer edge of the boundary
layer. Moeckel® estimated the bluntness required for maxi-
mum downstream movement of transition. The bluntness
was chosen so that transition occurred just before the bound-
ary layer began “‘swallowing” the shear layer or variable
entropy layer behind the curved shock. For smaller blunt-
ness than this, transition to turbulence can occur at some
point during the swallowing process. A calculation of
the laminar boundary-layer growth during the swallowing
process is therefore of interest in connection with transition.
In calculating conditions at the outer edge of the boundary
layer, streamlines passing through the curved shock must
be identified as they enter the boundary layer. The stream-
lines are identified by relating the mass flow through a
streamtube ahead of the shock to the flow in the boundary
layer at some point along the body. Zakkay and Krause’
give a method similar to that used in the present paper for
identifying the streamlines. The method of Ref. 7 assumes
local boundary-layer similarity and makes use of a mass
flow function given by Lees? This function includes a
parameter giving the boundary-layer growth along the
body. In the present paper, the growth along the body is
obtained from the boundary-layer momentum-integral equa-
tion. In addition, the shock-wave shapes assumed here
and in Ref. 7 are somewhat different. Calculations are
given here for the effect of blunting on skin friction and
heat transfer as well as on the conditions at the outer edge
of the boundary layer.

Theoretical Results
The equations for computing the boundary-layer growth
are derived using the coordinate system given in Fig. 1.
Momentum-Integral Equation

The boundary-layer momentum-integral equation for the
case of an axisymmetrie body is
_ o 0 dpwd) Ldu s
dx pru? dx p?  do u dx JOo pyuy

9 dr Cr 711

r dx 2 p1U12 (1)

In deriving Eq. (1), it is assumed that the boundary layer is

thin and that the velocity gradient du/dy at the outer edge
of the boundary layer is not necessarily zero.

To simplify Eq. (1) for the case of a slightly blunted cone,

assume 1) a constant pressure on the conical surface equal

to the inviscid sharp-cone pressure, 2) a thermally and

Mo 4

Fig.1 Coordinate system.
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Fig. 2 TFlat-plate boundary-layer thickness, Pr = 0.75,
v = 1.4, T = 392.4°R.

calorifically perfect gas, 3) adiabatic flow outside the bound-
ary layer, and 4) 71/piu? < ¢;/2. With these assumptions,
the momentum equation becomes

9 | 20 [(5/6) — H] \dMy | 8dr ¢
iz T {1 24 (v - 1)Mlz} + - @

x M, dz r dx 2

Note that, for axisymmetric bodies with varying Mach
number but isentropic flow outside the boundary layer,
the momentum equation is identical to Eq. (2) if the differ-
ence (6/0) — H is replaced by yM,2 — H. To integrate
Eq. (2), it is necessary to obtain expressions for the boundary-
layer parameters (c;, 6/6, H) and for the Mach number
gradient (dM,/dzx).

Boundary-Layer Parameters

The expressions for ¢y, 6/6, and H will be taken from the
flat-plate case and evaluated at the local flow conditions at
each point along the body. From the well-known Mangler
transformation, these expressions apply exactly to the case
of a sharp cone. They are assumed to be reasonable ap-
proximations for slightly blunted cones. Using Rubesin
and Johnson’s T method,? the local skin-friction coefficient
in terms of the momentum-thickness Reynolds number is

¢r = 2ry/prn? = 044171’ /T wRoy (3)

Reference 10 gives an expression for 7’/T; which depends
on the Prandtl number. For Pr = 0.75,

TYTy = 1+ 0.076(y — V)M% + 0481[(T./T) — 1] (4

The ratio p//u; in Eq. (3) can be computed from Sutherland’s
viscosity law. For the case of a perfect gas and adiabatic
flow outside the boundary layer, values of T, can of course
be computed from M, and T'r...

Expressions for 6/6 and H can be obtained by making use
of Van Driest’s graphs (numerical solutions to the flat-plate
laminar boundary-layer equations).!! Using this informa-
tion, values of 8/6 and H have been calculated and plotted
on Figs. 2 and 3, respectively. It has been found that
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Fig. 3 Flat-plate boundary-layer shape parameter, Pr =
0.75, v = 1.4, T, = 392.4°R.
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Fig. 4 Flat-plate boundary-layer thickness and shape pa-
rameter zero heat transfer, Pr = 0.75,v = 1.4, T: = 392.4°R.

8/0 and H can be approximated by
8/0 = 6.10(T’/Ty) + 2.90 (5)
H = 6.10(T"/Ty) — 3.51 (6)

where T"/T,is given by Eq. (4). Figures 2 and 3 demonstrate
that Eqs. (5) and (6) are excellent fits to the values calculated
from Ref. 11 for 0 < M; < 20 and 0.25 < (T,/T1) < 6.0.
Substituting the 7"’/ Thexpression for Pr = 1 from Ref.10,Eqgs.
(5) and (6) can be put in the same form as, and are in rea-
sonable agreement, with, analytic expressions for 6/6 and H
given in Ref. 12 for Pr = 1 and a linear relation between
viscosity and temperature. This gives additional confidence
in Egs. (5) and (6).

The difference (6/8) — H appears in Eq. (2) and also in
equations that follow. Equations (5) and (6) yield the
convenient result

(8/6) — H = const = 6.41 7)

Since the Ref. 11 results used to calculate 6/6 and H are in
graphical form, the accuracy of the values is difficult to
determine. This leads to an uncertainty in the accuracy
of the difference (5/8) — H. However, the conclusion that
the difference is constant seems valid. Values calculated
from Ref. 11 give the difference of 6.41 with an rms devia-
tion of only 109,. This result holds for 0 < M; < 20 and
025 < T,/T: < 6.0 with no discernible trend in the devia-
tions.

In addition to the results discussed previously, the case of
zero heat transfer is investigated in Ref. 11 for 0 < M, < 20.
For completeness, 6/6 and H for zero heat transfer from
Egs. (5) and (6) are compated in Fig. 4 with values calcu-
lated from Ref. 11. The agreement is not as good as that
in Figs. 2 and 3, particularly at M, > 8, but the zero heat-
transfer case is of no practical interest for free flight at high

. M,anyway.

Continuity Considerations

To obtain an expression for M; and dM,/dzx to be used in
the integration of Eq. (2), it is necessary to derive two rela-
tions between M; and the local shock-wave angle w,. The
first relation is derived from continuity considerations. For
thin boundary layers, the mass flow through a streamtube
of radius 7, and the flow in the boundary layer are related
by (see Fig. 1)

8
Polle®Ts? = 27T j:) pudy (8)

To introduce w,, the wave shape is needed. For exact
results, experimental data can be used or elaborate flow
calculations carried out. For the present work, the shock is
assumed to be a hyperbola, as suggested in Ref. 13, and w.
approaches the sharp-cone value w as r, = «. Reference

J. SPACECRAFT

14 gives an expression for the shock radius of curvature a at
r, = 0. The values of w and a define the shape of the hyper-
bola

a?/r? = tan’w, — tan’w 9

At high M,,, the equations of Ref. 14 indicate an almost con-
stant ratio between the radius of curvature of the shock and
body tip, such that @ == 1.5b. This result holds for M, > 4
for air. It appears to agree with experiment and to be
nearly independent of v and real gas effects.

A shadowgraph of a blunted cone fired into a ballistics
range is shown in Fig. 5. - Although the shock cannot be
seen near the nose, it can be located relative to the model by
measuring from the base. A few points measured from Fig.
5 are compared on Fig. 6 with a hyperbola given by Eq. (9)
with ¢ = 1.5b. The agreement is at first excellent, but the
experimental points fall somewhat below the hyperbola at
large values of 7,/b. At still larger values of r,/b, experi-
ment would again approach the hyperbola. This behavior
of the shock is due to an increase in the effective size and a
decrease in the effective cone angle near the nose of the
model. These changes are associated with the streamline
pattern in the flow, which has been expanded around the
nose to low density after passing through the shock.

Making use of assumptions of a perfect gas and adiabatic
flow outside the boundary layer, Eqs. (8) and (9) can be
combined to yield

P, M. (2 + (v — DM2\? a? B
Pr My \2+ (v — M2 tanfw, — taniw,/

2r6 <% - H> (10)

Expansion of the Flow Behind the Bow Shock

A second relation between M, and w, can be derived by
assuming isentropic flow along each streamline from the bow
shock to the outer edge of the boundary layer. This assump-
tion and the oblique shock equations for a perfect gas yield
the following equation:

P \O—D/y vy—1 .1
(7) RS E

v+ 1 Yy
[27Mm2 Sin'e, — (v — 1)] X

(v + DM sin?w,[2 + (v — DM (11)
2[2 + (v — 1) M2 sin%w,]

Calculation of the Mach Number Gradient

An expression for dM,/dx can be obtained from Egs. (10)
and (11). Although these equations do not require P, =

Fig. 5 Shadowgraph, Naval Ordnance Laboratory ballis-
tics range, M, = 7.63, ¢ = 6.33°.
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const, this assumption will now be used. Differentiation
with respect to z, use of Eq. (7), and elimination of dw./dx
gives

20 24 (y — HM2] — 6.41 %
M2 + (v — 1)M?) I
dM, df 8 dr
= = - — (12
dx dz + r dr (12)

where

. Mtan%o, sece
P 2k O~ DM - 6'41}/{ 5 (tarte — ')

[29 M2 sin?ws — (v — D][2 + (v — 1) M,.2 sinw,] _
(7 sinew, — 1)?

11— (- 1)M12]} (13)

Integration of the Momentum Equation

With dM,/dzx given by Eq. (12), Eq. (2) can be written in
the following form:

dé @ dr Cy 1

dx+rdx_2<l+1';i> (14)
For F, = 0, this reduces to the momentum equation for an
axisymmetric body with zero pressure gradient and isen-
tropic flow outside the boundary layer. For the conical

portion of the blunted cone, dr/de = r/z. With this rela-
tion and Eq. (3), Eq. (14) can be written

2(Roc/Reo) [d(ReRo.) /dR.] = Fs (15)
where
0.441 pote pn Th '
F, = —_— = = — 16
1+F1p1u1ucT’u1 ( )
and
peute/prun = (Mc/My)(Ty/T:)V* (17

TT. = 24+ (v — DM2/[2 + (v — M) (18)

The values of z and 6 in the Reynolds numbers R, and Ry, are
for the blunted cone. The subscript ¢ denotes flow condi-
tions on g sharp cone. These conditions exist on the blunted
cone far from the tip.

Starting the integration at the tangent point of the spheri-
cal segment and conical section, Eq. (15) becomes

1 R,Rg, 2
_ 3 3 .
3 (Rc R:n ) (RCR00>" Fg (RcRoc)d(RcRcﬂ> (19)

where the subscript n denotes values at the tangent point.
Dividing both sides by Re.? and defining & = R.Rg./Ru?,

(Re/Rue)® — cotio fé 2

3R £, I bt 29
Equation (20) is a convenient form to integrate. Given the
flight conditions, cone angle, and surface temperature, the
parameters Fy and £ under the integral are functions of only
M, and w,. The parameter Fy is given by Eq. (16). Com-
bining Eqs. (7) and (10), using @ = 1.5b, and noting that
r/x = sino,

- [0.1755 PoM. (2+ (y — DM.? 1/2]
- Sino‘ P1 Z‘[1 2 '+‘ (’Y - l)ﬂll2 (21)

(tan?w, tan’w)

The integral in Eq. (20) can be evaluated numerically using
(Eq. 11) to compute M, as a function of w,, where w, ranges
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from /2 on the axis to w, the wave angle for a sharp cone
(pairs of w, and M, are used to compute values of F, and
g). It is of interest to note that, except near the nose,
Eq. (20) can be written

R./Ry. . £ 2 1/4
R :{31‘0 F:Edé}

The similarity parameter (B./Re.)/E.*is equivalent to that
given in Ref. 7. Equation (21) shows that Ry does not ap-
pear in the calculation of £; the value of Rs. is needed only
in the lower limit &, which can be obtained by integrating
the boundary-layer momentum equation over the spherical
segment at the nose. For cases of interest here, the entropy
outside the nose boundary layer can be assumed to be con-
stant and equal to the entropy behind the normal shock.
Given the flight conditions, cone angle, and surface tempera-
ture, the results of Ref. 12 can be used to show that £,Ry.*/? =
const. Now with a given value of R, and Eq. (21), Eq.
(20) can be used to compute Ry, vs B.. Results for addi-
tional values of Ry, are obtained easily because the parameters
under the integral in Eq. (20) will be unchanged, and its
evaluation merely starts at a different £, for each R..

Having values of Ry, the momentum-thickness Reynolds
number based on local flow conditions is

Ro1 = (o1 /petee) (pre/ pr) Roe (22)
For a sharp cone T} = T, and
Fy = F = 04417 " /T’ u, = const (23)

The boundary-layer growth over the sharp cone from Eq.
(19) is

Ro = (FLR./3)!* (24)

Friction and Heat Transfer

After integrating the momentum equation for the blunted
cone, local values of skin-friction coeflicient ¢, are given by
Eqgs. (3) and (22). For comparison with sharp-cone results,
it is convenient to define a blunt-cone skin-friction coefficient

Cre = 2ru/pate = (Mi2/M2es (25)

The local friction coefficient on a sharp cone is obtained by
rewriting Eq. (3)

¢ = 0.441 Top' /T uRo 26)

where Ry is given by Eq. (24). Since ¢;, and ¢, are based
on the same flow conditions, a comparison will show the
effect of blunting on local shear stress.

The effect of blunting on heat transfer is not identical to
the effect on shear stress. The local heat-transfer rates on
the blunt and sharp cones are given by

q = Plul‘St(Tel - Tw) QO = puucStcO(Tec - Tw) (27)
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Fig. 7 Numerical values of 2¢/F;, M , = 14.9, M, = 10.0,
cs=8°,T, =T, = 530°R.

Assuming that the flat-plate Reynolds analogy St = ¢/
2Pr?3 applies in each case, then

o _ M. (T (Ty = T\ (
qO - M1 (T[) Tec - Tw cfco (28)

where
T.= T{1 + Pri2[(y — 1)/2]M?}

For given M, and T./T,, the ratio of ¢/¢® to c;/cs0 is a
funetion only of M;.

Local Flow Conditions Far From the Tip

Far from the tip, R and Rg both approach Rgd. A
numerical example that follows shows that REs approaches
Rg? faster than does Rg. Therefore, substituting in Iq.
(22) the value of Rg? from Eq. (24) for Rg far from the tip
gives the value of Ry for the blunt cone:

Rﬂc = Pcucl-‘fl(FZORc/S) 1/2/P1U1Mc
This can be rewritten
Bo/Rye® =2 [pruapnck(3/F )Y /paen]® (29)

For given flight conditions, cone angle, and surface tem-
perature, R./Bu*? given by Eq. (29) is a function of M;
only. If a value of M, (less than M.) is chosen to define
a point on the cone at which the boundary layer has swallowed
the variable entropy layer, Eq. (29) shows that the swallowing
distance is proportional to the 4 root of the tip radius.

Real Gas Effects

Although a thermally and calorifically perfect gas has
been considered here, real gas data for equilibrium air can be
introduced in a straightforward way. Reference 15 presents
a method for doing this for the calculations of Zakkay and
Krause. For the present work, the inviscid solution to the

T

R

o T AT R
° P 1o I 10°

Re

Fig. 8 Effect of bluntness on momentum-thickness Rey-
nolds number, M ., = 149, M, = 10.0,0 = 8°, T, = Ty =
530°R.
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conical flow over a sharp cone in equilibrium air is required.
This will give the pressure for the blunt cone, the asymptotic
value of bow shock angle and flow conditions at the edge of
the boundary layer far from the tip. Equation (1) holds
for the real gas case. However, when the perfect gas as-
sumption is removed, Eq. (2) must be rewritten

B2 () e (60 I
dr 2p; duy 2 dx

The density p; and velocity u; mentioned previously are re-
lated by the constant pressure and adiabatic flow assumptions.
The T’ (reference temperature) method for caleulating c,,
Eq. (3), must be replaced by the reference enthalpy method.®
It is suggested that the values of §/6 and H be computed
from Eqgs. (5) and (6) after replacing T'/T: by pi/p’. The
result given by Eq. (7) will be unchanged. Equation (10),
which resulted from continuity considerations, must be re-
placed by

Polhe a? B _
Py <tan2w§. — tan2w> = 2091(3/6) H] @D

Differentiating Eq. (31) with respect to 2 and combining
the result with Eq. (30) yields an integral equation in the
same form as Eq. (20). A second relation between u; and
w, 1S necessary to compute the boundary-layer growth.
This relation can be obtained in the same manner as Eq.
(11), but, using real gas data, an analytic result cannot be
given.

Numerical Example

Numerical results are presented for the case ¢ = 8, Mo =
14.9, and 7w = T, = const = 530 °R (corresponding to the .
early flight of a heat-sink model fired into a ballistics range)
for Ry = 5.0 X 10% 5.0 X 104 and 5.0 X 105. With M., =
14.9, the local Mach number on a sharp cone is M. = 10.0.
For inviscid flow, the Mach number on the blunted cone is
M, = 3.02, corresponding to the flow that has passed through
the normal portion of the bow shock.

The integrand of the integral in Eq. (20) is plotted vs the
variable of integration on Fig. 7. First note that Eq. (13)
gives Fy = 0 for ws = /2 and w, = w. For the present
case, F; reached a maximum value of 0.6 at w, = 30°. It
is of interest to point out that during the swallowing process
F, and thus the Mach number gradient dM,/dz, has a sig-
nificant effect on the rate of boundary-layer growth. This
can be seen from Eq. (14). Near the nose Fs, given by Eq.
(16), can be approximated by taking M; = 3.02 and F; = 0.
Far from the nose F» can be approximated by taking M, =

fled 108 107 10® 10°

Fig. 9 Effect of bluntness on local Mach number, M » =
149, M, = 10.0, 0 = 8°, T, = T, = 530°R.
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Fig.10 Effect of Reynolds number on local Mach number,
M,=149, M. =10.0,5 = 8°, 71 , = T, = 530°R.

10.0 and 7, = 0. Each of these limiting values of F, gives
a straight line on Fig. 7. Figure 7 indicates that there can
be three flow regimes. Near the nose the Mach number and
entropy outside the boundary layer can be almost constant
and correspond to the flow through the normal portion of the
shock. Next there is a regime in which the boundary layer
“swallows” the variable entropy layer and the Mach number
and entropy are changing. Finally, far from the nose the
Mach number and entropy are again almost constant and
correspond to the flow through the conical portion of the
shock.

It is necessary to obtain lower limits in order to evaluate the
integral in Eq. (20). A modified Newtonian pressure dis-
tribution was assumed and the boundary-layer growth over
the nose calculated by the method of Ref. 12. The result is
£, = 43/Ry%  The lower limits for each of the three nose
Reynolds numbers are indicated on Fig. 7. The portion
of the variable entropy layer swallowed by the nose boundary
layer is small in all cases. The assumption of normal shock
entropy was made for the flow over the nose and is therefore
justified. The effects of errors in the lower limits quickly
become negligible as the boundary layer grows along the
conical section.

Curves of Rg, vs R. from Eq. (20) are shown on Fig. 8.
The sharp-cone curve was obtained from Eq. (24). Since
the Ry values are based on sharp-cone flow conditions,
comparison with sharp-cone results shows the effect of blunt-
ness on . Blunt-cone values can be greater by an order
of magnitude. Curves of Ry from Eq. (22) are also plotted
on Fig. 8. The values are always below the sharp-cone
curve. Thus, despite the increase in 8, bluntness reduces
the momentum-thickness Reynolds number based on local
flow conditions.

Curves of M; vs R, generated in solving Eq. (20) are
plotted in Fig. 9. They show that bluntness affects the
local Mach number far from the nose. This means that,
for a cone of finite length, the bluntness ratio (ratio of nose
to base radius) must be very small before M, = M, near the
base. As an example, take R, = 50 X 10%. Figure 9

107

| Rye=50%1G°
08+~ 4
i Roe=50%10

Fig. 11 Effect of bluntness on local skin-friction coeffi-
cient, M , = 149, M. = 10.0, 0 = 8°, T, = T, = 530°R.
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Fig. 12 Comparison of heat-transfer and skin-friction
ratios, M ., =149, M, =10.0,¢ = 8°, T ., = T, = 530°R.

shows that My =2 M. = 10 when R, = 10°. The bluntness-
ratio, given by Rw./R. sing, for this case is only 0.0036.

Equation (29) was derived to show that, far from the nose,
the relation between M; and B./R:.Y® can be obtained without
integrating the momentum equation. One curve serves for
all values of R (Fig. 10).

Values ¢;, and ¢;9 were computed from Egs. (25) and (26),
respectively. The ratio is plotted in Fig. 11 vs R.. The
curves show that bluntness significantly reduces the local
shear stress. For a slender cone, a large fraction of the total
drag is due to friction. A slight bluntness will therefore
measurably decrease the total drag. This method for com-
puting skin friction was used in the calculations of total
drag made in Ref. 16. Excellent agreement was obtained
with ballistic-range measurements.

Bluntness will also reduce heat-transfer rate. However,
the reduction is smaller than for friction. The comparison
of the effect on heat transfer to the effect on friction given by
Iiq. (28) is shown as a function of M, in Fig. 12. At M, near
3, Fig. 12 shows that ¢/¢® is 309, greater than c¢;/c,2.
This is in the neighborhood of the tangent point where
Cfc/Cfco = (.6.

The results of the numerical example just discussed can be
used to verify one of the assumptions made in the analysis,
Tl/p1u12 < Cf/z. Now

71/ P ® _ T y1<du/d?/)u = u

Cy / 2 Tw Tw

The value of (du/dy)u = can be obtained from du;/dzr using
continuity considerations. A maximum value of 7,/7, =
0.036 occurred during the swallowing process and is inde-
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Fig. 13 Comparison of methods, M ., = 14.9, M. = 10.0,
c6=8T,=T,=530°R, Ry, =
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pendent of the nose radius. The assumption that 7; can
be neglected is thus justified for the numerical example.

The method given here for calculating M; is compared in
Fig. 13 with that given in Ref. 7. To make a meaningful
comparison, the edge of the boundary layer was taken at
u/uy = 0.995, and the same shock shape (hyperbola) was
assumed for both cases. Although the agreement is reason-
able at low values of M, the results diverge during the
swallowing process. The values of B, at which the swallowing
is essentially complete differ by an order of magnitude.
Experimental values of M, on a slender cone at a high M.
would be useful in resolving this difference.
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